RAMANUJAN'S IDENTITIES AND REPRESENTATION OF INTEGERS BY 
CERTAIN BINARY AND QUATERNARY QUADRATIC FORMS 



ALEXANDER BERKOVICH AND HAMZA YESILYURT 

Abstract. We revisit old conjectures of Fermat and Euler regarding representation of integers by 
binary quadratic form + 5y^. Making use of Ramanujan's summation formula we establish 
a new Lambert series identity for q" +5™ . Conjectures of Fermat and Euler are shown 

to follow easily from this new formula. But we don't stop there. Employing various formulas found 
in Ramanujan's notebooks and using a bit of ingenuity we obtain a collection of new Lambert series 
for certain infinite products associated with quadratic forms such as + , 2x^ + 3y^ , + 15?;^ , 
3x'^ + 5y^, x^ + 27y-^, + 5({/^ + z'^ + w^), 5x^ + y-^ + 2^ + ui-^. In the process, we find many new 
multiplicative eta-quotients and determine their coefficients. 



1. Introduction 

A binary quadratic form (BQF) is a function 

Q{x, y) — ax^ + hxy + cy^ 

with a,b,c d 1. It will be denoted by (a, 6, c). We say that n is represented by (a, 6, c) if there exist 
X and 2/ e Z such that Q(x, y) = n. 

The representation theory of BQF has a long history that goes back to antiquity. Diophantus' 
Arithmeticae contains the following important example of composition of two forms 

{^1 + vDi^l + yl) = {xiX2 - yiy2 f + {xiy2 + x2yiY. 
Influenced by Diophantus, Fermat studied representations by (1,0, a). For a~ 1,2,3 he proved a 
number of important results such as the following. 

A prime p can be written as a sum of two squares iff p = I (mod 4) . 

We remark that representation by (1,0,3) played an important role in Euler's proof of Fermat's 
Last Theorem in the case of n = 3. 

Fermat realized that (1, 0, 5) was very different from the previous cases (1, 0, 1), (1, 0, 2) and (1, 0, 3) 
considered by him. He made the following conjecture. 

Ifp and q are two primes that are congruent to S or 7 (mod 20), then pq is representahle by (1, 0, 5). 

Euler made two conjectures that were very similar to those of Fermat: 

a. Prime p is represented by (1, 0, 5) iff p = I or 9 (mod 20). 

b. Ifp is prime then 2p is represented by (1,0,5) iffp = 3or7(mod20). 

However, his next conjecture for (1,0,27) contained an unexpected cubic residue condition: 
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Prime p is represented by (1, 0, 27) iffp = 1 (mod 3) and 2 is a cubic residue modulo p. 

Lagrange and Legendre initiated systematic study of quadratic forms. But it was Gauss who 
brought the theory of BQF to essentially its modern state. He introduced class form groups and genus 
theory for BQF. He proved Euler's conjecture for (1,0,27) and in the process discovered a so-called 
cubic reciprocity law. Gauss' work makes it clear why (1,0,27) is much harder to deal with than 
(1, 0, 5). Indeed, a class form group with discriminant —20 consist of two inequivalent classes (1, 0, 5) 
and (2,2,3). These forms can't represent the same integer. On the other hand, a class form group 
with discriminant —108 consist of three classes (1,0,27), (4,2,7), (4,-2,7). These forms belong to 
the same genus. That is, they may represent the same integer. An interested reader may want to 
consult [9] and [14] for the wealth of historical information and [19] for the latest development. 

In his recent book. Number Theory in the Spirit of Ramanujan, Bruce Berndt discusses represen- 
tation problem for (1,0,1), (1,0,2), (1,1,1), (1,0,3). Central to this approach is Ramanujan's iV'i 
summation formula which implies in particular that [7, p. 58, eq. (3.2 .90)] 

(1-1) E^^^"^^ = i + 4Eyt^- 

x,ye'Z n>l ^ 

Using geometric series it is straightforward to write the right hand side of (1.1) as 
1 + 4 J2 (-1)"V9^"" = 1 + 4 (-l)"?"?" 

n>l,m>0 n>l,m>0 



\'m „n(2m+l) 



^ E ( TO ) 

n>l,m>l 

'+^i:e(t)^". 

n>l d\n 



where we used the Kronecker symbol to be defined in the next section and the well known formula 

if n is even 

Q(n-l)/2 jf ^ ig Q^jjj 

Let r(n) be the number of representations of a positive integer n by quadratic form k^ + l^. Suppose 
the prime factorization of n is given by 



/— 4\ Jo if n is even, 

\^)- \ (-1) 



n = Tl[p:-l[gJ^, 

i=i j=i 

where pi = I (mod 4) and rji = —I (mod 4) . 

Using the fact that J2d\n (~^) multiplicative, we find that 

l + (-l)"-> 



(1.2) r{n)=Al[{l+v,)l[ 

j=i j=i 

Reader may wish to consult [2] for background on multiplicative functions, convolution of multi- 
plicative functions and Legendre's symbol. Clearly, Fermat's Theorem is an immediate corollary of 
(1.2). 

The main object of this manuscript is to reveal new and exciting connections between the work of 
Ramanujan and the theory of quadratic forms. This paper is organized as follows. 
We collect necessary definitions and formulas in Section 2. 

In Section 3 we use the iV'i summation formula to prove new generalized Lambert series identities 

for 



J2 9"'+""' and J2 

n,m= — OO n,m= — oo 



+2nm+3m 
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These results enable us to derive simple formulas for the number of representations of an integer n by 

(1; 0, 5) and (2, 2, 3). Conjectures of Format and Eulcr for (1, 0, 5) are easy corollaries of these formulas. 
Our treatment of (1,0,6) and (2,0,3) in Section 4 is very similar. However, in addition to the iV'i 
summation formula we need to use two cubic identities of Ramanujan. In Section 5 we treat (1, 0, 15) 
and (3,0,5). The surprise here is that wc need to employ one of the fourty identities of Ramanujan 
for the Rogers- Ramanujan functions. Section 6 deals with (1,0,27) and (4,2,7). We do not confine 
our discussion solely to BQF. In Section 7 we boldly treat quaternary forms + 5{y^ + + w^) and 
5a;^ + y"^ + z"^ + w"^ . We conclude with a brief description of the prospects for future work. 



2. Definitions and Useful Formulas 

Throughout the manuscript we assume that g is a complex number with \q\ < 1. We adopt the 
standard notation 

(a;g)„ := (1 - a)(l - ag) . . . (1 - ag""!), 
ia;q)oo ■■= JJ(l-ag"), 
E{q) := {q;q)oo- 

Next, we recall Ramanujan's definition for a general theta function. Let 

oo 

(2.1) f{a,b):= ^ a"("+l)/26"("-^)/^ |a6| < 1. 



n— — oo 



The function /(a, b) satisfies the well-known Jacobi triple product identity [6, p. 35, Entry 19] 

(2.2) /(a, b) = (-a; ab)ooi-b; ab)oo(.ab] ah)oo- 
Two important special cases of (2.1) are 

(2.3) ^{q) := f{q,q) = £ g"^ = {-q;q')l{q';q'U = E^^q^%\qy 
and 

(2.4) V'(<?) :=/(<?, a = E 9'"'"" = (-9;'/')oo(-<z^g^)oo(<?^g% = ^^. 

n=—oo ^ ' 

The product representations in (2.3)-(2.4) are special cases of (2.2). We shall use the famous quintuple 
product identity, which, in Ramanujan's notation, takes the form [6, p. 80, Entry 28(iv)] 

(2.5) E{q)lj=p^^ = f{-a\, -a-^) + af{-a-\, -a\% 

j\ a, a q) 

where a is any complex number. 

Function /(a, b) also satisfies a useful addition formula. For each nonnegative integer n, let 

[/„ := a^{n+l)/2^n{n-l)/2 _ ^n(„-l)/2j,n(„+l)/2_ 

Then [6, p. 48, Entry 31] 

n-l T/ ' 

(2.6) f(^u,,V,) = Y,Urf(j^,^' 
From (2.6) with n = 2, we obtain 

(2.7) f{a, b) = f{a\ ab^) + af{^, ^{ab)^). 
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A special case of (2.7) which we frequently use is 

(2.8) ip{q)=<p{q^) + 2qi;{q^). 
With a = b = q and n = 3, we also find that 

(2.9) ^{q) = ip{q^) + 2qf{q\q^% 

Our proofs employ a well-known special case of Ramanujan's i^'i summation formula: 
If \q\ < \a\ < 1, then [6, p. 32, Entry 17] 

f{-ab, -q/ab) 



^'■''^ ^ ^'hi-a,-q/a)n^b,-q/b) ' J-J - bq 



n— — oo 



We frequently use the elementary result [6, p. 45, Entry 29]. If ab = cd, then 

(2.11) /(a, 6)/(c, d) = f{ac, bd)f{ad, be) + af{-^, labcd)f{^, ^abcd). 

Next, we recall that for an odd prime p, Legendre's Symbol ^— ^ or (n | p) is defined by 

/n\_J 1 if n is a quadratic residue modulo p, 
\pJ \~1 if n is a quadratic nonresidue modulo p. 

Kronecker's Symbol ( — ) is defined as follows 
Vm/ 

^ f 1 if fc = 1, 

^— ^ ~ I if A: is a prime dividing n, 

I Legendre's symbol if k is an odd prime. 

{0 if n is even, 
1 if n is odd, n = ±1 (mod 8), 
— 1 if n is odd, n = ±3 (mod 8). 

s 

In general, I K-"! if m = TT Pi is a prime factorization of m. 



general, = if 'ti = Jjpi is a prime 

i=l i=\ 



It is easy to show that = ("") '"^^ ^— j = ^-j ^-j. Hence, ) is a completely multi- 
plicative function of n and also of m. 

3. Lambert Series Identities for Y^'^m=-oo 9"^+^"*^ 



Theorem 3.1. 



„5n+2 



(3.1) ^{ciMci') = 2[ Y: T^TTto} 

n= — oo n= — oo 

n= — 00 n— — CO 

(3-3) --E(1^)i^-E(f)i 



Furthermore, 



ra=l n=l 



20\ g" E{q^)E{q^)E{q^)E{q^°) 



n=l 



n E{q)E{q^o^ 
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and 



(3.) tQ) 



E{q)Eiq^)Eiq^")E{q'^°) 



l + g2n 1 E{qi)E{q5) 



n=l 



Proof. Employing (2.10) with q,a and b replaced by q^^,q and —1, respectively, we find that 
From (2.10), we similarly find that 

^ „5n+2 f( 9\ 
7\ \^ _y _„2p3/„10\ JW'g ) 



n — — oo 



From (2.11), with q replaced by and with a = b — q^, we obtain 

(3.8) fi-q^ q')f{-q\ q') = f{-q\ -q')f{q\ g^) - q'f{l, q'°)f{-q, -q% 

By (3.6), (3.7) and (3.8), we conclude that 



I -|- qlOn \ _|. glOn+4 



n= — oo n— — C30 



/(-9,-9^)/(l,gi'') ^ '/(-5^-?^)/(9^?«) 

= 7^ — 9un'^?//''f^ 4 6^ {/(-g^-9^)/(g^g')-gVa^g^°)/(-g,V)} 

/(-«, -r)/(i, 9 ")./(-9 , -r)/(r, g'') ^- 

/(-9,-9W,™(-9^-9')/(9^9^)■^^ ^'^^-^^ ^'^^ 

= 2'^(9)¥'(9^)' 
after several applications of (2.2). Similarly, we find that 

°° „3n °° „5n+l 

V ^ + V ^ 



1 -I- ^lOn ^ ]^ ^ glOn+2 



n=— oo n=— oo 

;.3/„10^ /(9^9^) , „z;,3. lOx /(9^9^) 



V(-g^-'z^)/(i,gi") ^ ^9 V(-9^-?^)/(5^9«) 
/(-r , -9^)/(i, g^")/(-r , -r)/(r , r) 

^ ^^(g^°)/(g^g^) 4w, 4^ 

/(-g^-?w.9l°)/(-9^-9^)/(9^'z')■^^ ^'^^-^^ 

Before we move on we would like to make the following 
Remeirk 3.2. The following generalized Lambert series identity for ^{q)^{q^) is given in [8, cor. 6.5] 

°c fc(5fe+3)/2 °o fe(5/s+7)/2 

k= — oo k= — co 

It would be interesting to find a direct proof that 

~ ^fe q5k+2 ~ ^fe(5fe+3)/2 qk{5k+7)/2 

^ ("l^ V 1 + qlOk ~ qlOk+4 ) = 1 + g5fe 9 1 + g5/s+2 • 

fe=— oo k= — oo k= — oo 
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Next, we prove (3.3). 



5n+l „5n+2 



\ 1 -L (jlOn+2 I I „10n+4 J 



^ qWn+2 I ^ 

°° , „5n+l „5n+2 _5n+3 „5n+4 
■^^1 ^ y y l_ y 



I 1 + ^1071+2 \ _|. glOn+4 1 _|. ^1071+6 ' ]^ _|. glOn+8 



Also, 



n=l 



+ 9^ 



2n ■ 



„7n 



^ 1 + a^^"" 

iG{l,3,7,9} ^ 



oo oo 

lOnm 



= 1+ E EE(-ir3'> 

ie{l,3,7,9} n=l m=0 



oo CXD 

(lOm+i) 



= 1+ E EE(-ir3" 

iG{l,3,7,9} n^l m=0 

^ „10m+7 

= 1+ E E(-irT 



jG{l,3,7,9} m=0 



(3.10) =1 + E( 



-20 \ g" 



V n / 1 — o" 

n=l 

Now using (3.9) and (3.10) together with (3.1) and (3.2), we see that (3.3) is proved. 

The equations (3.4) and (3.5) are essentiaUy given in [17, eqs. 3.2, 3.29]. Moreover, the eta-quotients 
that appear in these equations are included in a list of certain multiplicative functions determined 
by Y. Martin [13]. We should emphasize that (3.1) (3.3) are new. We observe directly that the 
coefficients of the two Lambert series in (3.3) are multiplicative and that they differ at most by a sign. 
This enables us to compute the coefficients of ^{q)^{q^)- 

□ 

Corollary 3.3. Let a(n) be the number of representations of a positive integer n by quadratic form 
+ 5P . If the prime factorization of n is given by 



1j ' 
i=i j=i 



where Pi = 1,3,7, or 9 (mod 20) and qi = 11,13,17, or 19 (mod 20), then 

A 1 + (-1)'"^- 



(3.11) a(n)=(n-(-l)'^+*)n(l+^i)n 



where t is the number of prime factors of n, counting multiplicity, that are congruent to 'S or 7 
(mod 20). 
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Proof. Observe that 



oo oo 

n=l n=l m=0 n=l m=l 

(3--) ^£(E(^)(f)).» 

n=l d\n 



Similarly, 



Define 

(3.14) Kn)=E(^) -dc(n)=^(^)(!^ 

We have by (3.3) that a(n) = b{n) + c(n). Clearly both b{n) and c(n) are multiplicative functions. 
Therefore, one only needs to find their values at prime powers. It is easy to check that for a prime p 

{1 if ^> = 2 or 5, 

1 + a ^ if p = 1,3, 7, 9 (mod 20), 

^^^^^^ if P = 11, 13, 17, 19 (mod20), 

and 



(3.16) 



1 if P = 5, 

1 + a if p= 1,9 (mod 20), 

(-!)"(! + a) if p = 3, 7 (mod 20), 

1 _|_ 

\ ' if p= ll,13,17,19(mod20). 



Equivalent reformulations of (3.11) can also be found in [10, p. 84, ex. 1] and [12, Thr. 7]. We should 

remark that (3.11) implies conjectures of Format and Euler for (1, 0, 5) stated in the introduction. The 
last two equations immediately imply (3.11). 

□ 

We now determine the representations of integers by the quadratic form (2,2,3) and make some 
further observations. 

Corollary 3.4. Let d{n) be a number of representations of a positive integer n by the quadratic form 
2fc^ + 2kl + 3P. If the prime factorization of n is given by 

where Pi = 1,3,7, or 9 (mod 20) and qt = 11,13,17, or 19 (mod 20), then 

l + (-l)'"^- 



(3.17) 



d{n)={l-{-ir+')l[{l + v,)l[ 



where t is the number of prime factors of n, counting multiplicity, that are congruent to 3 or 7 (mod 20) . 
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Proof. Recall that 



oo 



n— k, 1— — 00 

By comparing (3.11) and (3.17), it suffices to show that d{n) = a{2n) for all n € N. To that end we 
observe 



oo 



n=0 Ti,m— — oo 

oo 



n— — oo 

oo oo 

^2n^+2n(2m)+3(2m)2 _^ ^ ^2n2+2n(2m+l)+3(2m+l)^ 

n.= — oo ri,m 
oo . .00 



ri,m= — 00 ri,m= — 00 

°° ' ,00 (2n+2m+l)''+5(2Tn+l)'' 

9 2 
n,m= — 00 ri,m= — 00 

00 



(2n)2+5(2^)2 ^ (2n+l)^+5(2m+l)" 



n,m= — 00 n,m= — 00 



= a(2n)g". 

n=0 

By (3.3), (3.11) and (3.17) we find that 



□ 



,3,3, 

n,m= — OO n=l n=l 

Also by adding identities in (3.3) and (3.18), we conclude that 

oc oo oo „ 

n,m= — oo n,m=— oo ri=l ^ 1 

This last equation is a special case of Dirichlet's formula [18, p. 123, thr. 4]. Comparing (3.11) and 
(3.17) wc see that a{n)d{n) = 0. This means that a positive integer cannot be represented by (1,0,5) 
and (2,2,3) at the same time. 

We end this section by proving a Lambert series representation for tp{q)'4'{Q^)- 

Theorem 3.5. 

(3.19) m^q') = E - E fr 



n= — oo 

20 „- rfi rJ anrl h - 



Proof. By two applications of (2.10) with q replaced by g a = q^, q" and b = q°, we find that 

E g + g ^ 20x ./i~g ^-q ) , „f3/ j\-q ■•-q ) 

i_g2o„+5 w V(-<^^-9l^)/(-'z^-9l5) ^ V(-9^-«")/(-9^-al^) 



i?^(9'°)/(-'?^-9 



12\ 



/(-(?^ -gl^)/(-g^ -(z")/(-g^ -<z") 



{/(-5^-9^')+9/(-9^-5^')} 



^ ^ ^ " f{-q',-q'')f{-q\-q'')f{-q\-qW^^' ' ^' 

where in the last step we use (2.7) with a = q and b = —q^. It is now easy to verify by several 
applications of (2.2) that (3.20) is equal to '(p{q)'ip{q^)- The proof of the second representation given 
in (3.19) is very similar to that of the first one and so we forego its proof. □ 



QUADRATIC FORMS 

4. Lambert Series Identities for Y^'^m=-oo and Y^'^m=-oo 9^"^+^"*^ 

Theorem 4.1. Let 

(^•1) ■= — — ^^'^ ' — — • 

Then, 

n— — CO n— 1 

^ „3n+l _ 9n+3 ^ ^nj'i _ 2n\ 

(4-3) Qil)= E V7^ = ^( 



Moreover, 



and 



n=l 



(4.4) 

(4-5) = E E 



_j_ ^5n ^3n+l ^9n+3 



,„— - . n— — 00 

'^^■^^ ^ ^1 E 1 + ol2n ~ E 1 + ol2n+4 | 

n= — 00 n= — 00 

^^''^'^ ~ ^1 E 1 + ol2n + E 1 + „12n+4 | 

n=— 00 n=— 00 



n=l n=l 



°° g" + q^" °° — 



(4.9) ^{q'Mq') = P{q) - Q{q) 

(4.10) = y ^^r__ y 

n= — 00 n=— 00 

^^■^^^ ~ ^1 E 1 _|_ ql2n " E 1 _|_ „12n+4 | 

n= — 00 n=— 00 

(- ^ g5n °° ^9n+3 . 

= ^1 E 1 + fll2n + E 1 + „12n+4 | 

n— — 00 n— — 00 

n— 1 n— 1 

Proof. By employing (2.11) with a = g, 6 = g^^, c = — and d = —q^^ we find that 

/(9, q'')f{-q\ -q') = f{-q', -q'')f{-q', + qf{-q\ -q'')f{-q\ -q'') 

(4.14) = ^{-q^)E{q^) + qi>{-q^)f{-q\ -q^% 
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By two applications of (2.10) with q replaced by q , a = q,q° ,h = —1, and by (4.14), we find that 
2^ l + qi2n ^1 V(l,9^2)/(-9,-9") 'm,q'^)f{-q',-q') 



n= — oo 

-XI 



f{l,qi2)f^-q,-qii)f(-q5,-q7) 

;i,gi2)/(-g,-g")/ 

E{q^)E{q^)E{q^)E{q'^) 



^{f(q,q'')f{-q^ + /(-<Z, -«")/(g^ g')} 



^'KLt 5 f^'l'{-q')E{q') 

/(I, q^^)f[-q, -q^^)f[-q^, -ql 



^^■^^^ S(g)ii;(g24) 

after several applications of (2.2). 
By (2.7), we observe that 

(4.16) E{q) = f{-q, -q') = f{q\ q') - qf{q, g"). 

Arguing as above and using (4.16), we conclude that 

- ^3n+l_^9n+3 _ ^(^5^ ^7) f{q-\q'') 

l + <zi2n+4 1 ^1 > f{-q\-q^)f{q\q^) ^'^ ' f{-q\-q^)f{q\q^) 



./(-'Z^-9^)/(9^««) ' ' f{-q\-q^)f{q\q^) 

E^{q^^) 



(4.17) = g 



vx-93)/(9^?^) 

E%q'^)E{q) E{q)E{q^)E{q^)E{q^) 



^{-q^)f{q\q^) " E{q^)E{q^) 
after several applications of (2.2). 

The proofs of second part of (4.2) and that of (4.3) are similar to those of (3.9), (3.10) and so we 
omit their proofs. 

We prove (4.4) and (4.9) simultaneously by proving 
(4.18) 2P = (^(5)(p(g6)+<p(g2)<p(g3) 

and 



(4.19) 2Q = ifiqMq^) - ^{q^Mq^). 

First we prove (4.19). We will need two identities of Ramanujan [6, p. 232], namely 

(4.20) = 

and 

(4.21) 4gV(</')V'(<z') = ^(g)^(g') - 'fii-qM-q'')- 
Prom (4.21) with (2.8), we find that 

4qi;{q^)i;{q^) = ip{q)<fi{q^) - <p{-qM-q^) 

= {cp{q^) + qi>{q^)) {cp{q'^) + q^^{q^^))-{>fi{q^) - q^{q^)) {ip{q'^) - q^i>{q^^)) 

(4.22) = 4g{v(?«)</^(g^2) + 9V(9^)V'(9'')}. 
Upon replacing q^ by q in (4.22), we conclude that 

(4.23) V'(9)V'(?') = ^{q^'Mq^) + q^iq^Mq'^)- 
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Similarly, 

= {^{q^) + q^{q')) {<fi{q'^) - q^i>{q^^))-{^{q') - qi>{q^)) {ip{q'^) + 

= Aq{^{q^Mq'^) - qMa^MQ^^)} 
(4.24) = Aqi;{-q'')ij{-q^), 

where in the last step we used (4.23) with q replaced by — g^. We are now ready to prove (4.19). 
Recall that Q{q) is defined by (4.1). By several applications of (2.2), we see that (4.19) is equivalent 

to 

or 

2?V(-9)V'(-9')V'(-9')V'(-9') = <p{qMq'mq^M-q') - ^{q'Mq'Mq^M-q') 

(4.26) = ^{qM-q'mq'Mq') - i>\q^)^\-q% 
where we used the trivial identities 

(4.27) v{qM-q) = V^-q^) and ^^q) = i^{q^)4'{q). 

When we employ (4.24) on the far left hand side of (4.26) and (4.23) on the right hand side of 
(4.26), we find that 

(4.28) 

V'(-9)V'(-9')(</'(9)<p(-9')-v(-3)¥'(?')) = (V'(9)V'(9')+V'(-5)V'(-9'))¥'(9)v(-9')-2V'(9')v'(-9''). 
Upon cancellation, we see that 

(4.29) _V,(-g)V>(-g3)vp(-g)(^(g3) = V(9)V'(?')<^(9)<P(-9') - 2ij^{q^)^\-q''). 

Next we multiply both sides of (4.29) with , . . , f „ , — ?t and obtain after several applications 

^(g)V(g3)<p2(_^6) 

of (2.2) that 

which is (4.20). Hence the proof of (4.19) is complete. 

The proof of (4.18) is very similar to that of (4.19). Recall that Q{q) is defined by (4.1). By several 
applications of (2.2), we see that (4.18) is equivalent to 

(A-iU V,(-g)V;(-g2)^(_^3)^(_g6) ,,,6^^,2w3x 

or 

^{-qM-q'm-q^m-q') = f{qMq'mq''M-q) + ^{q^Mq'mq'^M-q) 
(4.32) = (p2(_g2)^2(^6) ^ ^(-q)^(^q3)^(q^)^j(q^^). 

If we employ (4.24) on the far left hand side of (4.32), and (4.23) on the right hand side of (4.32) 
and multiply both sides by 2q, we find that 

(4.33) 

^(-'Z)^(-'z')(¥'(9)¥'(-9')-^(-g)V'(g'))=2gV.2(^6)^2(_^2)^^(_^^^(^3)(^(^)^(^3)_^(_^)^(_^3)^_ 

Upon cancellation, we find that 

(4.34) V'(-«)V'(-?')</'(?)</'(-?') = i'iqMq'M-qMq^) + 2q^\q^)^\-q^). 
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It is easy to see that (4.34) and (4.29) are "reciprocals" of each other. For related definitions and 
modular equations corresponding to (4.18) and (4.19) see [6, p. 230, Entry 5 (i)]. Hence, the proof of 
(4.18) is complete. 

As an immediate corollary of (4.18) and (4.19), we note the following two interesting theta function 
identities 

V{<l)v{<f ) - ^{<f )v{<r') ^ ip{-q)ilj{q^^) 

and 

<P'(9)<P'(9') - ^\q^)^\q^) = ^E{q^)E{q^)E{q^)E{q^^) = Aqi,{q)^{-q)^{-q^)^{-q% 

The identities (4.2) and (4.3) together with (4.4) and (4.9) clearly imply (3.1) and (3.3). To prove 
the remaining identities (4.6), (4.7), (4.11) and (4.12), one only needs to prove that 

°° _ ^5n °° qZn+l _|_ ^9rs+3 



(4-36) E TTT^ = E 



qizn \ _|_ ql2n+4, 

n— — oo ' n— — oo 

Arguing as in (4.15) and (4.17), one can easily show that 

V - V g'"^'+g'"^' - E{q^)E{q^)E{q*)Eiq^^) 

^ ' ' ^ l + gi2n l + gi2n+4 E{q)E{q») 

Hence, the proof of the Theorem 4.1 is complete. □ 

Corollary 4.2. Let o(n) and b{n) be the number of representations of a positive integer n by quadratic 
form fc^ + 6P and 2k'^ + 3P, respectively. If the prime factorization of n is given by 

n=2«3^nprn,-', 

1=1 j=l 

where Pi = 1, 5, 7, or 11 (mod 24) and qi = 13, 17, 19, or 23 (mod 24), then 

(4.38) a{n) =(l + (-l)«+^+*)n(l + v,) f[ ^ + 

i=i j=i 

and 

(4.39) b{n) =(i - (-i)'^+''+*)n(i + .,) n i±i^, 

i=l j=l 

where t is a number of prime factors ofn, counting multiplicity, that are congruent to 5 or 11 (mod 24). 
Proof. Observe that 

n\ q (1 - q ) _ \ - ST^ r _T\m { ^\ / n(4m+l) _ n(4m+3)^ 



n=l n=l m=0 

CO CO 

= E E (-ir(i) ('^"'"^ - 9"^"""'^) 

n—l m—1 
n=l m=l 



Similarly, 

OO Yi 'OO 

E(^)t^^E(E(^))»" 



n=l n=l d\n 
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Define 

c(n)=i:(^)«.d<,(„)=i:(f)(f). 

d\n d\n 

Equations (4.8) and (4.13) imply that a{n) = c{n) + d{n) and b{n) — c{n) — d{n). Clearly both c{n) 
and d{n) are multiplicative functions. Therefore, one only needs to find their values at prime powers. 
It is easy to check that for a prime p 



(4.40) c(p") 



and 




2 or 3, 

1,5,7,11 (mod 24), 
13,17,19,23 (mod 24) 



(-1)" if}5 = 2or3, 

l + a if p= l,7(mod24), 

(4.41) d(p")^\ (-l)"(l + a) if p = 5, 11 (mod 24), 

1 -I- (-1)« 

' if 39= 13,17,19,23(mod24). 

From these two equations (4.38) and (4.39) are immediate. Equivalent reformulations of (4.38) and 
(4.39) can also be found in [10, p. 84, ex. 2] and [12, Thr. 7]. □ 



5. Lambert Series Identities for E^^- 009"'+^^"' and YT^^ 00 9^"'"^^'"' 
Theorem 5.1. Let 

Eiq)Eiq^)E{q^^)Eiq^^) _ E{q^)E{q^)E{q^)E{q^^) 

^^■^) ^^1) - E{q^)Eiq^O) ^^1) - « E{q^)E{q^O) ' 

Then, 

-15\ g" 



(5.2) P(,) = I_j;(_Ji)_ 



n=l 



+ q" 



71=1 

Moreover, 

(5.4) ^(_g)^(_gi5) = P(5) _ Q^q) 

-15\ '^/Sx g"(l + 9^^) 



and 



, - n yi + g" ^Vn/ l + g3n 

n=l n=l 



(5.6) ^{-q^M-q') = P{q) + Q{q) 

-15\ v^/5\g"(l + g") 



n=l n=l 



,3n 
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Proof. The identities (5.2), (5.4), and (5.6) were observed by Ramanujan [6, p. 379, Entry 10 (vi)], 
[21, cq. 50] and [6, p. 377, Entry 9 (v), (vi)]. We prove (5.3). 

It is easy to observe that 

/ ^ \ ^ n"") °° „5n+l I „10n+2 °° „5n+l , „10n+2 

\o.a) 2-^\n) 1 + q3" ^ i4-gi5Ti+3 i _|_ ^isn+s ' 

n=l n= — oo n=— oo 

Next by four apphcations of (2.10) on the right hand side of (5.8), we have 

f^/5 w"(i + o _ 3 r, /(g^g^) ,,2 /(g^g") 1 

^\n) l + g3n ^ 'VE{q^)f{q^,q^'^)^^ E{q^)f{q^,q^^)\ 



= g- 



15^^,2 /(g^g") , ^3 /(g.g^") 1 

E{q^)f{q^q^) ^ i?(g5)/(^6^ ^9) / 

i;3(gi5) 



{(/(g^g')+g/(g^g''))/(g^g') 



'E{q^)f{q\q^^)f{q^q^) 

(5.9) - 9(/(9^ 9II) + qf{q, q'^)) f{q\ q'^)}. 

Now we employ (2.11) for each term of (5.9) inside the parenthesis, the identity in (5.9) now becomes 

(5.10) +<)(/(<!',9^')-9W,9''))(/(9",9")-9V(9.0). 

Recall that the Rogers- Ramanujan functions are defined by 

°o °° n(n+l) 

These functions satisfy the famous Roger s-Ramanuj an identities [16, pp. 214-215] 
(5.12) G{q) = - and H{q) = ^ 



(g; g^)oo(g''; g^)oo (g^; g^)oo(g^; g''^)oo ' 

Our proof makes use of one of Ramanujan's forty identities for the Rogers- Ramanujan functions, 
namely [20] 

(5.13) G{q)Giq') - qH{q)H{q') = 

Next, we employ the quintuple product identity (2.5), with q replaced by and a = —q to find 
that 

(5.14) /(-gi3, + g/(-/, -^^3) = i^(,iO):^^!lZ^ = E{q^)G{q). 

f{-q,-q^) 

Similarly, from (2.5) we find 

(5.15) E{q^)H{q) = f{-q^\-q^^) + q^f{-q, -q^% 

(5.16) E{q)G{q^) = f{q\ /) - qf{q\ q^% 

(5.17) E{q)H{q^) = f{q\ q'') - qf{q, 9"). 

Next, making use of (5.8)-(5.10), (5.14)-(5.17), (5.13), and (5.1), we conclude that 
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5\g"(l + g") 



y(-)- 

71=1 



,3n 



_ E\q^^) Vi-q^ 



E{q')fiq^q'^)f{q<',q^) ' E{q^) 

E{q^)E{q^)E{q^)E{q^^) 
- E{q^)E{qW) 

= Q{q). 



□ 



Adding together (5.4) and (5.6) and replacing q by — wc find that 

n=l ^ 

It is instructive to compare this formula with an equivalent formula (50) in [21] which states that 



n 



q" 

where 



a(n) =2(^)-25(2|n)(^)+2<5(4|n)(- 



-15 



.n/2J ' ' ^\n/4J' 
with 



6{a\b) 



1 ifa|6, 

otherwise . 



Corollary 5.2. Let a{n) and b{n) be the number of representations of a positive integer n by quadratic 
form fc^ + 15Z^ and 3fc^ + 5P, respectively. If the prime factorization of n is given by 

1=1 j=i 

where Pi = 1, 2, 4, or 8 (mod 15), Pi^2 and qi = 7, 11, 13, or 14 (mod 15), then 

(5.18) a{n) = |a - 1| (l + (-1)'^+^+^+*) J](l + v,) [] +^ > 

i=i j=i 

and 

(5.19) b{n) = |a - 1| (l - (-l)'^+^+=+*)n(l + v^) f[ l+i^lTl^ 

i=i i=i 

where t is a number of odd prime factors of n, counting multiplicity, that are congruent to 2 or 8 
(mod 15). 
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Proof. Observe that 



5\ + 



n=l 



^ n=l m=0 

OO CX3 _ 

= - ^ ^(-l)™^_^(q"(3™-l) +g»(3™-2)) 



n— 1 m— 1 

oo oo 



= -EE(-i) 

n=l m=l 

oo 

= -E(E(-i)1 



n=l d|n 



-3 
~d 



5 
n/d 



Therefore, 
(5.20) 

Similarly, 
(5.21) 

Now we define 



o(-,) = -f(j:,-ir«(^)(-i^)), 



n=l din 



P(-„ = .+j:(B-ir«(^))r 

"^1 d\n ' 

..,d.,„,^i:(-irlT)(i75)' 



d\n 



By (5.4) and (5.6) wc have a{n) = c{n) + d{n) and b{n) ~ c{n) — d{n), for n > 0. Using the fact that 
(— 1)"+^ is a multiplicative function of n, we conclude that c(n) and d{n) are multiplicative functions. 
Prom (5.1), (5.20) and (5.21) we also observe that the following eta-quotients are multiplicative 



(5.22) 
(5.23) 
(5.24) 



E{q^)E{q^O) 



Eiq)E{q^)E{q^^)E{q^^^) 



_ E{q^)E{~q^)E{-q^)E{q^°) _ E{q^)E\q^)E^{q^^)E{q^^) 

W\ Q) — Q rn^ _fiN 7n/ _ in\ ~ 1' 



Q{q) = q 



E{q^)E{q^^) 
E{q^)E{q'^)E{q'>)E{q'^'') 



E{q^)E{q^)E{q^^)E{q^o^ ' 



It is easy to check that for a prime p 



(5.25) 



and 



(5.26) 



c(p«) 



\a 


- 1| 


if 


P 


1 




if 


P 


n 


- a 


if 


P 


1 - 




if 


P 




2 



( (-l)"|a-l| if p = 2, 

(-1)° if p = 3 or 5, 

1 + a if p = 1,4 (mod 15), 

(-l)"(l + a) if p = 2, 8 (mod 15), p 7^ 2, 
1 + (-1)" 

\ ' if p = 7, 11, 13, 14 (mod 15). 



From these two equations (5.18) and (5.19) are immediate. Equivalent reformulations of (5.18) and 
(5.19) can also be found in [12]. □ 
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6. Representations by the the quadratic form P + 27P 

In this section, we give a formula for the number of representations of a positive integer by the 
quadratic form fc^ + 27Z^. 

Theorem 6.1. 

(6.1) ^(.)^(.-) = ^(^)^(^^)-^(^^)^(^^) + ^(,^)^(,-) + l,Ei,^)Ei,^^). 

Let a{n), b{n) be the number of representations of a positive integer n by quadratic forms (1,0,27) 
and (4, 2, 7), respectively. 
Ifn^l (mod 6), then 
(6.2) 

^ 4- (—^ 

(3 - 2^„,o) (1 + i-m nLi(i + n;=i \ ' iff3>2, 

1 + f— i)"'^ 

(1 + (-1)") nLi(l + Vi) nU 2 '-^ ^ = ° and a>0, 

otherwise, 



a{n) = b{n) = < 
where n has the prime factorization 



n = 2'^3^l[prl[qj\ 
with Pi = 1 (mod 3) and 2 ^ = 2 (mod 3) 



(6.3) Sj,o :-- 

If n=l (mod 6), then 



1 ^/i = 0, 
otherwise. 



(6.4) a(n)=-n(i+t'0(n(i+"')+2n((i+"')i3))n 



3X1^ "Vxx^ " xxv^ y/J-J- 2 

i=l i=l I— 1 i— 1 



(6.5) 6(n) = 3 n(i + ( 11(1 + «^) - n ((1 + 1 3))) n ^ 



where n has the prime factorization 



(6.6) n^rn^rn^r' 

i— 1 i— 1 i—1 

mi/i Pi = 1 (mod3)j 2 3 =1 (modp^); = 1 (mod3)^ 2 3 ^1 (modg'j) and 2 ^ Qi = 2 (mod3). 
Proof. Observe that 

oo 3 oo 

^7u^+2uv+4t;^ _ ^ ^ ^7(45+fe)^+2(45+fe)u+4v2 

u,v= — oo fc=0 s,u=— oo 

3 oo 3 oo oo 

^ ^7(4s+fc)^+2(4s+fc)(r-5)+4(r-5)^ = ^ g^^^ ^ ^2(2r^+fcr) ^ ^54(25^+fcs) 

fc^O s.r— — oo A;— r — — oc s — — oo 

= f{q\ q')f{q'"',qn + 2q\f {q\ q^) f {q^\ q^^^) + ^^^(l, <f)f{l, q'"') 

(6.7) = MqMq^') + ^{~qM-q''))/2 + 2gV(«')V' («''), 

where in the last step we used (2.8). 
Similarly, we find that 



18 



ALEXANDER BERKOVICH AND HAMZA YESILYURT 



^7u^+2u-y+4i)^ _ ^7(u-v)'^+2{u-v)v+4v^ _ ^7u^-12u-y+9i)^ 

U,tJ = — oo u,v= — oo u,v= — oo 

2 oo 2 oo 

_ ^ ^ ^7(3s+fe)^-12(3s+fe)i;+9u^ _ ^ ^ ^7(3s+fe)^-12(3s+fe)(r+2s)+9(r+2s)^ 

fe=0 s,u=— oo /s=0 s,i-=— oo 

2 oo oo 

= X! l'^^' X! g^^^'^^"^*"'^ ^ ^9(3s^+2fcs) 

k=0 r= — aD s=— oc 

= viq'Mq'') + Mq) ^{q'))Mq') - v{q''))/2 

(6.8) =(3^(q9)^(g27) + ^(^)^(^3^ _ <^(g)<^(g27^ _ ^(^3)^^^9)y 2, 

where we used (2.9). 

Lastly, we need the following identity of Ramanujan [6, p. 359, Entry. 4, (iv)] 

(6.9) {^{qMq^') - ^{-qM-q^'))/2 - 2gV(9')V'(9'') = '2qE{q^)E{q^^). 
From (6.7)-(6.9), we find that 

(6.10) viqMq^') ={Mq''Mq^') + ^(9)^(9') - V{cdv{q^') - ^(9')¥'(9'))/2 + 2qE{q^)E{q^^), 

which is (6.1). The formulas (6.7)-(6.9) are special cases of more general formula [22, thr. (3.1), 
cor. (3.3)]. In fact, Ramanujan's identity, (6.9), can be stated as follows 

oo 

^_]_-j«+tJ^(7(2«+l)='-12(2M+l)(2t;+l)+9(2t;+l)2)/4 

u,v—oo 

= MqMq'') - ^{-qM-q^'))/2 - 2q'' ^{q^)^{q'') 
= 2qE{q^)E{q^% 

Recall that 



3.11) l + ^a(n)g":=^(q)^(q2^) and 1 + ^ 6(n)g" := ^ q^ 



„4n +2nm+7m 

71=1 n=l n,m=— oo 

We also define c(n) and d{n) by 



(6.12) l + Y,c{n)q^ = f{qMq^) and £ d(n)g" = gS(g6)S(gi8). 

n— 1 n— 1 

Using the following Lambert series expansion for ^{q)^{q^) (see for example [7, p. 75, eq. (3.7.8)]) 
(6.13, ,(,M^, = l + 2S(f)^ + 4i:Q)^, 

n=l n=l 

it is easy to show that 

(6.14) c(n) =(3 - 2J„,o)(l + (-1)") n(l + V,) \{ llS^^l^ 

i=i j=i 

where n has the prime factorization 

n = 2"3^np-ng;% 
i=i j=i 

where = 1 (mod 3) and 2 ^ qi = 2 (mod 3). 
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From (6.1), we have 
(6.15) a{n) = "^"^ "3"^"/^^ + c{n/9) + p{n), 

where we assume c{n/l) = if / J(n. If n 1 (mod 6), then d{n) = and a{n) = c(n/9) if 3|n, while 
a{n) = c{n)/3 if 3 /n. This proves the claim in (6.2) for a(n). 

Now assume n = 1 (mod 6). If p is a prime and p = I (mod 3), then by (6.14) we sec that c{p) = 4. 
If p is represented by the form (1,0,27), then a{p) = 4. This is because 4 < a{p) < c{p) — 4. Using 
(6.15) we see that d{p) = 2. If p is not represented by (1,0,27) then, by (6.15), d{p) = —1. Gauss 
proved that if p is a prime and p=l (mod 3), then p is represented by (1, 0, 27) iff 2 is a cubic residue 
modulo p or, equivalently, iff 2(p~^)/^ = 1 (modp). Therefore, 



2 if p = 1 (mod 3) and 2^^-'^^^ = 1 (modp) 
(6.16) d{p) = { -1 if p = 1 (mod 3) and 2^^-'^^^ ^ 1 (modp) 

ifp^l(mod3). 



(6.17) d{p^+^) = d{p)d{p^+^)-(-^)d{p% 



(6.18) d(p") 



In [13], Y. Martin proved that qE{q^)E{q^^) is a multiphcative cusp form in (^ro(108), (— ^)) • 
That is d{n) is multiplicative and for any prime p and .s > 

-108^ 
P 

where d{l) = 1. Using this recursion formula together with (6.16), we find that 

a + l if p = 1 (mod 3) and 2(^-1)/^ = 1 (modp), 

{{a + 1)|3) if 39 = 1 (mod3) and 2(p-i)/3 ^ 1 (modp), 

(l + (-l)«)/2 if 2 7^p = 2(mod3), 
if p = 2 or 3. 

Therefore, 

(6.19) d{n) = 5„,o50,oJ{{l + Vi)J{{{l + Ui)\Z))J{ ^ ■ 

where n has the prime factorization 

(6.20) 2'^^^i{pTi{qTi{QT^ 

i=\ i=\ i=l 

where Pi = 1 (mods), 2 3 = 1 (modpi), = 1 (mod3), 2 3 ^ 1 (mod^j) and 2 7^ = 2 (mod3). 

c(n) + 4:d(n) 

By (6.15), if n = l(mod6), then a(n) = . Using (6.14) and (6.19) we arrive at the 

o 

statement for a(n) given in (6.4). 
From (6.7) and (6.9), we have that 

oo 

n,m— — OO 

= MqMq'') ^i-qM-q^'))/2 - 2g^V(9')V'(«'') 
= 2qE{q^)E{q'% 

Therefore, b{n) = a{n) — 2d{n). The formulas for 6(n) in (6.2) and (6.5) now follow from those 
for a{n) and d{n). Observe also from b{n) = a{n) — 2d{n) that if p is a prime and p = 1 (mod 3) 
then 6(p) = if p is represented by (1,0,27) and b{p) = 2, otherwise. Hence, these primes cannot be 
represented by (1, 0, 27) and (4, 2, 7) at the same time. □ 
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While they are not expUcitly stated there, the formulas for a{n) and b{n) given by (6.2)-(6.5) can be 
deduced from Theorem 4.1, Theorem 10.1 and Theorem 10.2 of [19] and and Gauss' cubic reciprocity 
law. 



7. Representations by the Forms + 5m^ + 5P + 51^ and 5n^ + + fc^ + 

In this section, we give formulas for the number of representations of positive integers by the 

quaternary forms + 5m^ + 5fc^ + 5P and + + k'^ + P and also by the restricted forms 
n + 5m + 5fc + 5Z and 5n + m + k + I with n, m, k, and I being triangular numbers. 

Theorem 7.1. 

(7.2) ^3^_^^^(_^5^ 

(7.3) 49V'(g)V(g') 





,,EHq^)- 






E^q) 
E{q^) 


E^iq^y 


E^q) 


EHq'U 


E{q^) 


E{q^")) 


EHq) 


EHq')\ 



E{q) " E{q^) )' 
E{q) E{q^) 



E{q) ^ E{q^[ 
Furthermore^ ifa{n), b{n), c{n) and d{n) are defined by 

oo oo 

n—1 n—1 

oo oo 

4aV'(a)V'(5') =: E ^(")«"' V^(«)V''(a') =: E '^(")«"' 



then 



(7.5) a(„) = (-i)-.(i + 5Vi)-)^^iM n n 



(7.6) 6(n) = (-1)"-'(1 + 5'^+i(-l)s+*) 



i=l ^- j=l 

(5 + (-2)5+1) r 1 ^ 1 _ (_g^.)-.+l 



(7.7) c(n) = (-2)5(-l + 5^+i(-l)5+*) [] ^T^^- 11 

z=l 7 = 1 



(7.8) d(n) = (-2)9(-l + 5'^(- ^' TT 



where n has the prime factorization 

n=2vnprn9r, 

i=i i=i 

wjf/i = ±1 (mod 5) and qi = ±2 (mod 5), qi is odd and t is the number of odd prime divisors of n, 
counting multiplicities, that are congruent to ±2 (mod 5) . 

Proof. Our proof employs the following well known Lambert series identities of Ramanujan 
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n=l 

(7.10) = . 

For the history of these and many related identities see [1], [6, pp. 249-263]. We also use the theta 
function identities [6, p. 262, Entry 10] 

(7.11) - ^^{q') = Mf{q, q^)f{q\ /) 
and 

(7.12) V'(?) - gV''(9') = f{q\ q^)f{q, q")- 
By multiplying both sides of (7.11) with {q^) / v{q) , we find that 

(7.13) ^(g)^(g)-^=4g-^^. 
From (7.13), we deduce that 

E{q^) <p5(95) E\-q) 

■^(g) r . ^ 3. 5^ ^''(g')!^ 



-{^(g)¥''(g') 



(7.14) =<^3(^)^(^5-)_2<^(^)^3(^5)^ 



<^5(g5) 



<P(g) 

Using the imaginary transformation on (7.13) and (7.14), we obtain, respectively, that 



and 

(7.16) 25^{q)^'{q') - W^HqMq') + ^ = isf^. 
By multiplying both sides of (7.12) with V'^(g^)/V'(g)) we find that 

(7.17) V(g)^ («)-''^ = -B(^- 
From (7.17), we also find that 

E^q^) _ i^jq) E^"{q^") 
E{q) - ^5(^5) ^2(^2) 

V'(g) r.,..„^.,.3,„5^ >'(g')l2 



-{V'(g)^'(g') 



(7.18) = V'(g)V'(9') - 2gV(9)V'(g^) + q^ 



V'(g) " 

Using the imaginary transformation on (7.17) and (7.18), we obtain, respectively, that 



3..^.^.„5^ , V''(g) _ E^q') 



(^•^9) -5g^^(g)^(g^) , - ^(^,0) 

and 

,3/.5, 1n„„,.3.„^.,,/„5^ , i^Hq) _EHq) 



(7.20) 25g^V(g)r (g') - 10gV'(g)V'(g') + 



E{q^)- 
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Using (7.13)-(7.20), we easily derive (7.1)-(7.4). 

Next, wc sketch a proof of (7.5). We omit the proofs of (7.6)-(7.8) sinee their proofs are similar to 
that of (7.5). For convenience, [q"]V{q) will denote the coefficient of in the Taylor series expansion 
oiV{q). 

Prom (7.9), we have 



^ ' n=l ^ n—l d\n 

Using the fact that the coefficients are given by the multiplicative function X^^jin^^jci, we conclude 
that for n > 1 



(7.22) [g" 



- sTT TT 

'E{q^) 11 l-p, 11 l + q^ 

where n has the prime factorization 

(7.23) «=5''n?>rna?, 

i=l j=l 

with Pi = ±1 (mod 5) and qi = ±2 (mod 5). 
It is easy to show [11, Thr. 4] 

i — 1 j — 1 

where n > has the prime factorization 

i=i j=i 

with Pi = ±l(mod5) and qi = ±2 (mod 5). Using (7.22), (7.24) together with (7.1), we arrive at 
(7.5). □ 

Theorem 7.1 has the following 

Corollary 7.2. 

a) mivH^Mch) > 0, ni^H^mq")) > O for anyn> 0, 

b) nv{q)v\q'')) = 0, nm^P'iq')) > iff n = 2 or 3 (mod 5). 

Note that our corollary is in agreement with Ramamijan's observation in [15] where quadratic form 
x'^ + y'^ + z"^ + 5w^ is listed as universal. It means that this form represents all positive integers. 
Interested reader may want to check [3] for new results about universal quadratic forms. 

Next, we use (7.13)-(7.15) to derive 

\Ei-q^) E(q^")J' 



(7.25) 


= {5^{q)^-\q'')-^''{qMq'))/4 


(7.26) 


= -4^Hq) {'^ ^'^^^^'^ ^-^[q^) 


(7.27) 


^\q^)E^-q) 
<p^iq)E{-q^) 


(7.28) 


E^{q')E\q^'') 
~ E{q)E{q^)E^{q^)E^{q^^y 
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Moreover, using (7.9) and (7.10) we obtain 

n=l ^ ^ 

oo J 

(7.30) =1 + E(E(-1)"^'<|))9"- 

n=l d\n 

Arguing as above one finds 



(7.32) = q 



and 



Lastly, 



E{-q) ^ ^(^2) ^^^q^)E{-q) 

E^q^)E%q^'>) 



E^{q)E^{q^)E{q^)E{q^^) 
(-<?)" 



(7.34) =E(E(-ir'<^))«" 



= 1 d\n 



^ ' yE{q5) E{q^^))' ^ i;^q)E{q^O) 

(7 36) ^ E\q)Eiq^)EHq^°) 



E^q^) 
nq^ 



n=l 

(7.38) =E(E'^(5)^W'^))«" 
where 



/ 1 if " is odd, 
^ \ if n is even. 



i;5(g5) ^ ^^E^q^°) _ y^q)E^{q^'^) 



(7-39) 9^;73^ + r^^;73T^ = g 

(7.40) 



E(5) E(52) - V2(g5)£;(g2) 

£;3(g2)i;2(g5)^^^10) 



EHq) 

oo jj 



n is odd 



(7.42) =f:{Y.^id){l)n/d)q'^. 

The eta-quotients given by (7.36) and (7.40) are clearly multiplicative. Using the fact that (—1)"+^ 
is a multiplicative function of n, wc also see that the first two eia-quotients given in (7.28) and (7.32) 
are multiplicative. These four multiplicative eta-quotients are not included in Martin's list. Lambert 
series representations of (7.29) and (7.37) are given by Ramanujan [6, p. 249, Entry 8 (i), (ii)]. The 
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identity (7.39)-(7.40) is the identity (6.12) of [4]. Using (7.1)-(7.4), (7.29), (7.33), (7.37) and (7.41), 
we have 

Corollary 7.3. 



(7,43) 



... - {-qr ^VSV (l + (-(/)»)2' 

n— 1 ^ ' n=l ^ \ ±/ / 



(7.44) ^^(^M?^) = 1 + E©T^^-5E 



n=l 



(-9)" ;^i^5y (i + (-g)») 



OO :^ OO 

(7.45) 4,^^W(5^) = -E©T^ + 5 



, g2n ' ^ V5y (l-g«)2' 



(7.46, 4,V(,W3„=,_^(^)_,^, ^ 



ri=l n=l 

n is odd 



Outlook 



Clearly, this manuscript does not exhaust all potential connections between the Ramanujan iden- 
tities and quadratic forms. We believe that Ramanujan identities can be employed to find coefficients 
of many sextenary forms. For example, in [5] we will show how to use our new identity 



E{q) 

+ ^^{:^1^n2r + lE{q)E{q )j- +8—-^, 



together with two identities of Ramanujan to determine the coefficients of ^^{q)<fi^{q'^)- There we 
shall also prove the following intriguing inequalities 

[9"](v^-\g)Vn9^)-9^|^)>o, 

[q'^]{^Hq)^Hq') + q'-q'^)>0. 
We will also determine the coefficients of ^^{q)^{q^) and ^{q)^^{q^) by proving that 



(a)^(a^) = i + E(E(-i)"^'^'(|))'?"+9E(E(-i)"^'^'(^))'^" 

n=l d\n ra=l d\n 



and 

^(a)^^(a = 1 + E(E(-i)"^'^'©)''" + E(E(-i)"^'^'(T))'?"- 

n=l d\n n=l d\n 

In the course of this investigation we have determined the coefficients of many multiplicative eta- 
quotients. Those eta-quoticnts given by the equations (3.4), (3.5), (4.1), and (6.9) arc on Martin's list 
[13], while those that are given by (5.22), (5.23), (5.24), (7.28), (7.32), (7.36) and (7.40) are not in 
his list. This is because Martin only considered multiplicative eta-quotients which are eigenforms for 

all Hcckc operators. As an example, it seems that the multiplicative eto-quoticnt —Q{—q), defined by 
(5.23), is an eigenform for all Hecke operators Tp with odd prime p but it is not hard to show that 

T2{-Qi-q)) - -E(^jE{^- 
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The efa-quotients in (7.9) and (7.10) also appear in Martin's list [13]. In our future publications 
we plan to discuss the cocfScients of all multiplicative eta-products that appear on this list. To this 

end wc proved the following 

Theorem 8.1. Suppose the prime factorization of n is 

i-i i=i i=i i=i 

where 

Q, EE 3 (mod 4), 
Pi = 5 (mods), 

qi = l (mods) and 2(««-^)/^ = 1 (modg,), 
Pi = 1 (mods) and 2(^*-i)/^ = -1 (modP^). 

Then 

zpif 16\ ^ si t 

r ] (g j;(g32)^(g8) ) = '5a,o n(-i)"'(i + n(i + n(-i)"'^ + w + (-^f-)/^- 

We would like to conclude with a following remarkable identity: 

Q(2,0,7) + Q(3,2,5) _ E\q^)E^{q^^) 
'^Q(l,0,14)-Q(3,2,5) E^{q^)E\q^^y 

where 

oo 

Q{a,b,c):= qan^+bnm+cra\ 
n,m.= — oo 

It is important to observe that neither (5(2,0,7) + (5(3,2,5) nor Q{1,0,1A) — (5(3,2,5) is an eta- 
quotient. This result along with other similar type identities will be discussed elsewhere. 
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